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It is generally assumed that every process in quantum physics can be described mathematically
by a completely positive map. However, experimentally reconstructed processes are not necessar-
ily completely positive due to statistical or systematic errors. In this paper, we introduce a test
for discriminating statistical from systematic errors which is necessary to interpret experimentally
reconstructed, non-completely positive maps. We demonstrate the significance of the test using
several examples given by experiments and simulations. In particular, we demonstrate experimen-
tally how an initial correlation between the system to be measured and its environment leads to
an experimentally reconstructed map with negative eigenvalues. These experiments are carried out
using atomic 171Yb+ ions confined in a linear Paul trap, addressed and coherently manipulated by
radio frequency radiation.
PACS numbers:
I. INTRODUCTION
The time evolution of a state ρS of a quantum system
is generally described by a completely positive (CP) map
E to ensure that positive quantum states stay positive.
Yet, maps reconstructed via experimental process tomog-
raphy often tend to be not completely positive [1–8].
There exist several reasons for the appearance of non-
positive maps in quantum process tomography: (i) sta-
tistical errors due to limited number of measurements
[8], or systematic errors such as (ii) misaligned measure-
ments and preparation errors or (iii) initial correlation
between the system and the environment [4–7]. Such ini-
tial correlation can arise if the preparation of the system
also affects the environment. In the first two cases, the
resulting map can be non-positive meaning that the re-
constructed state ρ′S may have negative eigenvalues. Or,
E is positive but not completely positive meaning that
ρ′S itself is positive, but the time evolution of a larger
(composite) system with E acting only on one part of it
leads to negative eigenvalues of the state of the total sys-
tem. These types of errors arise also in quantum state
tomography. On the other hand, in the case of (iii) initial
correlation between the system and the environment, the
resulting map will be positive but not completely posi-
tive [4–7]. This effect does not arise in state tomography
and is therefore a new and unique feature of process to-
mography.
Furthermore, a general mathematical description of
the time evolution of a system does not exist, if the en-
vironment is correlated with the system [9, 10]. In such
a system, any time evolution of the state ρS is possi-
ble which maps valid quantum states to valid quantum
states. Therefore, knowing the time evolution of d2 states
of a d-dimensional Hilbert space, as in process tomogra-
phy, is not enough to predict the map E [11].
Nevertheless, one goal in experimental quantum infor-
mation science is to isolate quantum systems in such a
way, that they can be approximated by closed quantum
systems. Therefore, the assumption that quantum chan-
nels can be represented by completely positive maps is
well justified [9] but has to be checked for a given exper-
imental process. Therefore, if a non-completely positive
map appears in quantum process tomography, it is im-
portant to decide whether the negativity is the result
of statistical or systematic errors [12]. In the first case,
one may ignore the negativity, or record more data to
reduce it. However, in the second case we have to find
the error and modify our experiment by either improv-
ing our control of the system to reduce preparation and
measurement errors or to better isolate our system from
the environment. Indications for systematic errors can
be found by just analyzing the collected data without
changing the experiment as we will demonstrate in this
paper. The method introduced here is an important tool
for quantum process tomography, since it gives meaning-
ful hints about possible systematic errors at a very low
cost in terms of experimental resources.
Quantum process tomography [13] is an important tool
to experimentally verify quantum gates [14, 15] and to in-
vestigate complex quantum systems [16]. Quantum pro-
cess tomography is the most detailed characterization of
gates, but it is very resource-intensive [17]. The effort can
be reduced for matrices with low rank by using methods
from compressed sensing [18, 19]. Another possibility is
a process certification with the help of the Monte Carlo
method [20–22]. Here, the average output fidelity com-
pares the experimentally realized process with the target
unitary. For process tomography of a quantum gate, the
gate is applied to N states which are eigenstates of a
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FIG. 1: Systematic description of the time evolution of an
open quantum system. Typically, we assume that the prepa-
ration of the system state ρS does not influence the initial
state of the environment. If there exist initial correlations
(represented by red dotted lines), the resulting map E is not
necessarily completely positive.
random combination of local Pauli operators. For each
state, the fidelity between the ideal output and the exper-
imentally realized output is determined. With the help of
these state fidelities, the average output fidelity between
the experimentally realized gate and the ideal gate can
by estimated with an uncertainty which decreases as 1/N
.
Another way to approximate the quantum process fi-
delity, suggested by H. Hofmann [23], uses two sets of mu-
tually unbiased bases. Applying an ideal unitary quan-
tum gate on each basis leads to an orthogonal output
basis, which makes the measurement of the fidelity be-
tween the ideal output and the experimentally realized
output easy. For each of the two bases, the average state
fidelity is calculated, which are upper bounds of the pro-
cess fidelity. A lower bound is given by the sum of both
fidelities minus one. This method was used to character-
ize a CNOT gate realized with a four-photon six-qubit
cluster state [24]. In a similar fashion, other properties
of channels can also be characterized [25].
In what follows, we first shortly recapitulate in Sec. II
process tomography and discuss the meaning of negative
eigenvalues in the case of initial correlation between the
system and its environment. Then, we explain in Sec. III
a plausibility check testing the probability, that the non-
positivity of a reconstructed quantum process is due to
statistical effects. Consecutively, we test the performance
of the introduced consistency test in Sec. IV. In Sec. IV A,
we first present our simulations. Then, we introduce and
carry out an experiment where we intentionally engineer
an initial correlation between the system and the envi-
ronment, each given by a single trapped ion , and ap-
ply our test to the experimentally reconstructed process
(Sec. IV B). Finally, we finish this article with conclusions
in Sec. V.
II. PROCESS TOMOGRAPHY AND SYSTEM
ENVIRONMENT CORRELATIONS
The time evolution of every quantum system can be
described as an evolution arising from the interaction of
the system (S) with an environment (E) which form to-
gether a closed quantum system as shown in Fig. 1. As
a consequence, the overall evolution is unitary and the
map E is given by
E(ρS) = TrE(UρSEU†) (1)
where ρSE describes the initial state of the combined
system (see Fig. 1). The resulting map E is completely
positive if the initial state is uncorrelated, that is ρSE =
ρS ⊗ ρE .
Every linear map E : Hd → Hd is completely charac-
terized by the so called Choi-matrix [26, 27]
ρE ≡ (EA ⊗ 1B) |Φ+〉AB〈Φ+| (2)
with |Φ+〉 = ∑dj=1 |jj〉AB . The evolved state ρ′S is then
given by the projection of system B onto the transpose
of the initial state ρTS that is ρ
′
S = TrB [(1A ⊗ ρTS )ρE ].
The linear map E is completely positive, if ρE is positive
semidefinite [26]. Furthermore, the representation of the
time evolution of the system by the Choi-matrix allows us
to transfer results from state tomography to process to-
mography by using the Choi-Jamiolkowski isomorphism
[26].
A. Process tomography
An unknown linear map can be experimentally de-
termined via process tomography. Due to the Choi-
Jamiolkowski isomorphism [26, 27], process tomography
corresponds to state tomography of the Choi-matrix [28].
In this case, process tomography of a linear map E acting
on a d-dimensional system A can be performed with the
following steps:
1. Provide a d-dimensional ancilla system B.
2. Prepare the state |Φ+〉AB/
√
d.
3. Prepare the state ρE by applying (EA⊗1B) on the
state |Φ+〉AB .
4. Perform state tomography on the resulting state
ρE by projecting the state onto the operator basis
Mk ⊗Mj .
The basis {Mk} of the operator space of HA is chosen
by projectors of different measurement settings and their
measurement outcomes, e.g. Pauli-measurements in x-,
y- and z- direction for a single quibt with the outcomes
±1 (see e.g. App. A). Therefore, it is convenient to rela-
bel the basis {Mk} by Msk where s denotes the different
settings and k denotes the outcomes. As a consequence,
3Msk ⊗Mrj represents a complete basis of HA ⊗HB with
r, j labeling the settings and outcomes of system B. As
a result, the probability to get the outcome (j, k) for the
measurement setting (r, s) is given by
pr,sj,k = Tr
(
ρEMrj ⊗Msk
)
(3)
with
∑
j,k p
r,s
j,k = 1 if (j, k) contain all possible outcomes.
The Choi-matrix ρE can then be reconstructed via
ρE =
∑
j,k,r,s
pr,sj,kD
r
j ⊗Dsk (4)
where {Dn} forms the dual basis of {Mm} with
Tr (DnMm) = δn,m.
The quantum process tomography scheme described
above exhibits the experimental problem, that a physi-
cal system twice as big as the system, on which the map
acts, needs to be available and controllable. This is of-
ten not the case. Nevertheless, the scheme for process
tomography described above can also be applied without
an additional ancilla system, as is outlined in the next
paragraph.
The expectation value of the observable Aˆ ⊗ Bˆ of the
state |Φ+〉AB〈Φ+| is equivalent to
Tr
[
Aˆ⊗ Bˆ|Φ+〉AB〈Φ+|
]
=
∑
j
bjTr
[
Aˆ|b∗j 〉A〈b∗j |
]
(5)
with bj being the eigenvalues of Bˆ and |b∗j 〉 being the com-
plex conjugate of the corresponding eigenvectors (see e.g.
[22]). As a consequence, instead of performing the above
described quantum process tomography scheme with an-
cilla system, (i) we prepare the system in different basis
states M∗k corresponding to the measurement outcome
Mk for the measurement on system B, (ii) apply the
map E on the system and finally (iii) perform the mea-
surement Mj on the system.
An important difference between the two schemes is
that, in the first case, the map on system A is first applied
before we define the initial state of the system by the
projection of system B. In the second case, the projec-
tion of system B is equivalent to the preparation process,
which is performed before the application of the map. If
the initial state of the environment is independent of the
system, then the preparation/projection of system B and
the map E do commute. If the preparation of the system
induces correlations with the environment, then the map
E may depend on the preparation process, and therefore
they do not commute. In this case, the description of the
time evolution of the system by E is incomplete since it
does not involve the preparation process.
B. Time evolution with initial system-environment
correlations
Process tomography in the presence of system-
environment correlations can lead to reconstructed Choi-
matrices with negative eigenvalues [4–7]. However, this
does not mean that the underlying process itself is non
CP; it only indicates that the chosen description is in-
correct [29]. So far, there exists no general theoretical
framework to describe arbitrary (non CP) maps. The-
oretical frameworks of non CP maps exist only for re-
stricted subsets of correlations and/or a restricted subset
of states [2, 9, 10] and are an important research topic
until today. For example, the time evolution can be de-
scribed by a superchannel, taking the preparation proce-
dure as input, if the joined system-environment state ρSE
is initially correlated/entangled and the preparation pro-
cedure only acts on the system. [2]. Yet, arbitrary map-
pings ρS → ρ′s are possible if infinite system-environment
correlations are allowed [7, 9]. Assuming, for example,
that the environment consists of an infinite number of
copies of ρS , the environment can gain perfect knowledge
about the system state ρS . Consecutively, it can prepare
ρ′S and transfer this state via the SWAP operation into
the system. Therefore, a prediction of the time evolu-
tion of ρS without any knowledge about the state of the
environment is impossible due to a lack of information.
This incompleteness of E as description of the time
evolution of ρS can be illustrated with the following ex-
ample: let us assume that the preparation of the system
represented by a single qubit prepares the environment,
also represented by a single qubit, in exactly the same
state, that is ρE = ρS . This is a pure classical correla-
tion, it does not involve any quantum correlations. The
time evolution of the joined system is given by
U = exp[i
pi
4
zˆS zˆE ] exp[i
pi
4
xˆS ] (6)
with zˆ and xˆ denoting the Pauli matrices.
A complete basis {Mj} of the system is given by the
eigenstates |0〉, |1〉 of zˆ and |+〉 and |i〉 denoting the eigen-
states of xˆ and yˆ with eigenvalue +1. As a consequence,
the time evolution of these states, given by
|0〉〈0| → |+〉〈+|, |1〉〈1| → |+〉〈+|
|+〉〈+| → 1/2, |i〉〈i| → |1〉〈1|, (7)
completely describes the map E . However, no oracle can
perform such a time evolution from knowing ρS alone
without additional information, since it is impossible to
distinguish the input state with only a single copy. This
time evolution is only possible with additional informa-
tion given here by the copy of the state provided by the
environment. In this way, the time evolution described
here is not linear anymore. As a consequence, the at-
tempt to describe this time evolution with the help of a
liner map, given by the resulting Choi-matrix
ρE =
1
2
 1 1 −i −1− i1 1 −1− i i+i −1 + i 1 1
−1 + i −i 1 1
 (8)
leads to a non-physical result given by the negative eigen-
value λE = −
√
3/2. This does not mean that the states
4ρ′S of the system after the time evolution are non-positive
(see Eq. (7)). The map describing this time evolution is
still positive. However, it is not completely positive. This
means, if our system S is coupled to another system R,
then the time evolution according to ES may lead to a
non-positive state ρ′RS = (1R ⊗ ES)(ρRS). This is due
to the incomplete description given by E of our system.
Without the exact definition of the preparation process
of ρRS and its effects on the environment, we cannot pre-
dict the time evolution of the composite system.
Let us assume, for example, that the environmental
qubit is only affected by single qubit rotations acting on
the system qubit, but not by the interaction between
the systems S and R. Then, a state such as (|00〉RS +
|11〉RS)/
√
2 can be prepared with a CNOT-gate with S
being either the control or the target qubit leading to two
different initial states
|ψ1〉RSE = 1√
2
(|00〉RS + |11〉RS)|0〉E , (9)
|ψ2〉RSE = 1√
2
(|00〉RS + |11〉RS)|+〉E . (10)
As a consequence, the description of the time evolu-
tion of the system by E is incomplete and may lead to
non-physical predictions expressed by the non-completely
positivity of the map E .
III. CONSISTENCY TEST
As discussed in the introduction, there exist different
reasons for the appearance of negative eigenvalues in ex-
perimentally reconstructed processes. In what follows,
we describe a method that tests if the observed negativity
might be the result of statistical effects, or if the assumed
model underlying the reconstruction process should be
revisited. Our method for detecting systematic errors
in quantum process tomography is based on a witness
test, similar to an entanglement witness, and is based
on certification of experimental errors in state tomog-
raphy [8, 12, 30]. That is, we construct an observable
Zw = |λ〉〈λ|, called witness, which is positive semidefi-
nite for the assumed model. Therefore, the appearance
of negative average values with sufficient significance in-
dicates an inconsistency with the assumed model. The
significance can be tested with the help of the Hoeffding
inequality [31].
Now, we first analyse quantum process tomography
with the help of an ancilla system. In this case, the re-
sults of Ref.[30] about certifying experimental errors in
state tomography can be directly applied. Then, we use
the Choi-Jamiolkowski isomorphism [26, 27] to translate
this test to the more commonly used form of quantum
process tomography without an ancilla system.
The expectation value 〈Zw〉 = 〈λ|ρE |λ〉 given by the
projection of ρE on an arbitrary state λ must be positive,
if ρE is positive semidefinite. To evaluate 〈Zw〉 we ex-
pand Zw into the basis {Mk⊗Mj} (see Sec. II). The basis
{Mk} of the operator space of HA is chosen by projectors
of different measurement settings and their measurement
outcomes. Measurement outcomes of the same measure-
ment setting are not independent of each other because
they sum up to one. Therefore, we relabel the basis {Mk}
by Msk where s denotes the different settings and k the
outcomes (see e.g. App. A). In general, not all measure-
ment outcomes are necessary to obtain a complete basis,
for example, we do not use the eigenstates correspond-
ing to the eigenvalue −1 of the Pauli x (Mx− = |−〉〈−|)
and of the Pauli y matrix (My− = | − i〉〈−i|) for single
qubit process tomography. Furthermore, we assume that
each measurement setting (r, s) is used NRS times. As a
result, the witness Zw can be expanded by
Zw ≡
∑
(r,j)(s,k)
wr,sj,kM
r
j ⊗Msk , (11)
where wr,sj,k = 0 for operators which are not part of the
basis chosen. With the help of this expansion, we are
able to determine the expectation value
〈Zw〉 =
∑
(r,j)(s,k)
wr,sj,kf
r,s
j,k (12)
where fr,sj,k denotes the observed frequencies to get the
result (j, k) for the measurement setting (r, s). If these
frequencies are the result of a quantum model, then
the probability P to get a negative expectation value
Tr [ZwρE ] = w · f < −t for t > 0 is bounded by [30]
Prob [w · f ≤ −t] ≤ exp
[
−2 t
2NRS∑
r,s(w
r,s
max − wr,smin)2
]
(13)
which follows from the Hoeffding inequality [31] (see also
App. B). Here wr,smax and w
r,s
min denote the maximal and
minimal expansion coefficients for the measurement set-
ting (r, s). If this probability is very low and lies below
a predefined threshold α (common values are 5% or 1%
[32]), then the consistency test fails. In this case, the as-
sumed model is very unlikely and the experiment should
be revisited. In summary, the consistency test consists
of three steps:
• Choose a witness Zw = |λ〉〈λ| (see Sec. IV).
• Expand Zw into the basis Mrj ⊗Msk .
• If 〈Zw〉 < 0 then determine the probability P and
compared it to the predefined threshold.
In the case of process tomography without ancilla sys-
tem, the expectation value of the witness Zw is given in
a similar way by
Tr [ZwρE ] =
1
d
∑
wr,sj,kTr
[
MskE
(
Mr∗j
)]
. (14)
Here, the system was prepared in the state Ms∗k , evolved
in time, and measured in the basis Mrj . The witness Zw
5determined by the coefficients wr,sj,k stays the same. Only
the way in which the frequencies f are evaluated is dif-
ferent. For process tomography with ancilla system, the
frequency fr,sj,k = f
r
j · fks is the product of the observed
frequencies of both systems and the probability to obtain
outcome k for system B is equally distributed indepen-
dent of the setting s. In the other case, fr,sj,k = f
r
j · pks
where pks is the probability that we prepare system A in
the state (Msk)
∗. In general, only the states (Msk)
∗ neces-
sary to obtain a complete basis are prepared. Therefore,
pks can be zero for some states. However, the Hoeffd-
ing inequality does not depend on the exact probability
distribution; only on the boundaries which are the same
for both cases. Therefore, the consistency test for pro-
cess tomography stays always the same no matter how
we perform the process tomography.
The witness Zw depends on the map E . However, it
is important not to use the same data to determine the
witness Zw and to perform the witness test. If we scan a
large set of data for any correlation, we will always find a
correlation with high significance due to statistical fluc-
tuations, see e.g. [33]. Therefore, the witness Zw should
be determined by a different set of data or by testing the-
oretically assumed errors as we will demonstrate in the
next section.
IV. EXAMPLES
To investigate the potential of the scheme described
above for discriminating between statistical and system-
atic errors, we simulate and experimentally perform pro-
cess tomography of several single-qubit quantum chan-
nels.
For each simulation/experiment, we first prepare NRS
of each of the states Ms∗k followed by a measurement de-
scribed by Mrj . Then, we reconstruct the state ρE (see
App. A). To determine the best witness Zw we use differ-
ent methods. For the simulations, we divide the data set
into two parts. The first part is used to determine Zw,
with the second part we perform the consistency test.
Another option is to guess the underlying error. In this
case, a Choi-matrix ρtheoE including the assumed error
can be theoretically calculated. With the help of ρtheoE
the witness Zw can then be predicted. We have used this
procedure to test our experimentally generated data.
A. Simulation
If the state ρ
(1)
E possesses negative eigenvalues, then the
best witness Zw = |λ〉〈λ| is given by the eigenstate |λmin〉
of ρ
(1)
E with the most negative eigenvalue λ. In general,
every witness Zw with Tr [ZwρE ] = −tZ < 0 can be used
for the consistency test. However, the smaller |t|, the
greater the probability P to obtain the same negativity
due to statistical results. If Prob[w ·f ≤ −tZ ] is larger as
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FIG. 2: Average negative expectation value |t¯| and propor-
tion of results with probability P < 1% for the simulation
of N = 104 process tomographies, for different measurement
repetitions NRS in the presence of only statistical errors. The
time evolution is given by Eq. (15).
0 50 100 150 200 250
0
0.2
0.4
0.6
0.8
1
                          
|t¯|
P < 1%
NRS
FIG. 3: Average negative expectation value |t¯| and propor-
tion of results with probability P < 1% for the simulation
of N = 104 process tomographies, for different measurement
repetitions NRS in the presence of a detuning δ = 0.25Ω of the
radio frequency (RF) pulses performing single qubit rotations.
Here, Ω denotes the Rabi frequency of the qubit transition.
The time evolution is given by Eq. (15).
the chosen significance level α, it is not possible to obtain
meaningful results. Yet, increasing the number NRS of
measurements can help.
We determine the coefficient wr,sj,k by representing Zw
as a sum over all Mrj ⊗Msk (see Eq. (11)), and evaluate
C =
∑
r,s(w
r,s
max − wr,smin)2.
Afterwards, a second round with NRS preparations
and measurements of each setting is performed, which
leads to ρ
(2)
E . Finally, we estimate the average value
Tr [Zwρ
(2)
E ] = −t and the corresponding probability
Prob[w · f ≤ −t]. This probability is also called p-value
in hypothesis testing [32]. The p-value is an upper bound
for the probability that the observed average value was
generated by the assumed statistical model. Commonly,
the hypothesis is discarded if the p-value is smaller than
α = 5% or α = 1%. In this case, we assume the observed
discrepancy between the theoretically predicted expec-
tation value and the observed average value is not only
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FIG. 4: Proportion of results with probability P < 1% for the
simulation of N = 104 process tomographies and for NRS =
250 measurement repetitions for different detunings δ.
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FIG. 5: Average negative expectation value |t¯| and propor-
tion of results with probability P < 1% for the simulation
of N = 104 process tomographies, for different measurement
repetitions NRS in the presence of initial correlations between
the system and its environment. The time evolution is given
by Eq. (6).
caused by statistical errors but by systematic errors.
In what follows, we simulate the process tomography of
three different processes: (i) a perfect process tomogra-
phy with only statistical errors, (ii) a process tomography
with wrong preparation and measurement directions (iii)
a process tomography with initial correlation between the
system and the environment.
For the first two cases, the time evolution is given by
a single rotation around the x- asis
E(ρ) = e ipixˆ/4ρe−ipixˆ/4 (15)
that is equivalent to Eq. (6) without system-environment
interaction.
In the second case, we assume an experiment with
trapped ions. Here, the preparations and measurements
in x- and y- directions are performed by applying addi-
tional pi/2 rotations around the y- or x- axis to the ions,
followed by a measurement in the z-direction. A typical
error in trapped-ion experiments is detuning. If the RF
field , used for the pi/2 rotations, is detuned by δ from the
qubit resonance, then the preparation and the measure-
ment directions are not perfect anymore. The detuning
will lead to a different rotation angle θ′ = θ ·√Ω2 + δ2/Ω,
with Ω being the Rabi frequency, and the rotation axis ~n
will be tilted towards the z-axis with ~n· ~ez = δ/
√
Ω2 + δ2.
In the third case, we assume that another ion is sit-
ting in the trap playing the role of the environment. We
simulate a strong initial correlation between system and
environment by preparing the environment in the same
state as the system. This is a simplified version of the
case, where the environment has perfect knowledge about
the system state and arbitrary mappings ρS → ρ′S are
possible. The time evolution is given by Eq. (6).
We simulated the above described cases with the help
of MATLAB. In Fig. 2-5 we summarize the percentage of
process tomographies with Prob[w·f < −t] < 0.01 as well
as the average negative expectation value −t = Tr [ZwρE ]
for 104 simulated tomographies. Each tomography cor-
responds to the reconstruction of the process matrix ρE
from 12 different measurement settings, each repeated
NRS times.
If only errors are present that fall into category (i),
statistical errors, then the percentage of discarded to-
mographies stays the same independent of the number
of measurements per setting as shown in Fig. 2. Here,
we can observe the general behavior of P and t which is
independent of the absolute value of the chosen signifi-
cance level α and typical for all time evolutions where
the Choi-matrix possesses eigenvalues equal to zero. The
number of discarded events is independent of the num-
ber NRS of measurements. Only the amount of discarded
events depends on α and is typically smaller than α be-
cause the direction of the measurement with the smallest
eigenvalue also randomly changes. The probability to
observe a negative average value 〈Zw〉 is approximately
50% [8] independent of NRS , Yet the average negativity
of t decreases with NRS .
However, if systematic errors are also present, such as
in categories (ii) and (iii), the more measurements we
perform, the more tomographies we reject. For example
about NRS = 250 measurements per setting are neces-
sary to detect a detuning of δ/Ω=0.25 reliably as demon-
strated in Fig. 3. For this case, the average negative value
|t| increases for small NRS until it reaches its true value
|t| = |λmin| ≈ 0.56. This effect results from statistical
fluctuations of the direction of the eigenstate |λmin〉 for
small NRS . In general, the mean negative value |t| and
the number of measurements per setting NRS necessary
to reliably detect a systematic error depend on the mag-
nitude of the systematic error. The larger the systematic
error, e.g. the detuning δ in case (ii), the fewer measure-
ments we need to detect it as displayed in Fig. 4.
The behavior of our consistency test in the presence of
(iii) initial correlations between system and environment,
as shown in Fig. 5, is similar to the behavior for case (ii)
since both errors are systematic errors. However, for the
example in case (iii) we get higher discarding rates than
in case (ii) since the minimal eigenvalue λmin ≈ −0.87
for our example in case (iii) is smaller than the one for
case (ii).
7B. Experimental results
In the following we describe the experimental imple-
mentation of a process tomography with initial correla-
tion between the system and its environment. Both the
system and the environment are represented by a sin-
gle qubit, each realized by a single trapped 171Yb+ ion.
They form a Coulomb crystal exposed to a static mag-
netic field gradient of 19 T/m in a linear Paul trap with
an axial trap frequency of 2pi × 120 kHz and a radial
trap frequency of 2pi × 590 kHz. The state |0〉 is rep-
resented by the energy level |2S1/2, F = 0〉 and |1〉 by
|2S1/2, F = 1,mF = +1〉 [34–36].
The vibrational excitation is reduced by Doppler cool-
ing followed by RF sideband cooling and is character-
ized by the mean vibrational quantum number of the
center-of-mass mode 〈n〉 < 15 [37]. Then, the qubits are
initialized in the state |0〉 by optical pumping. Single-
qubit rotations with the help of RF pulses near 12.6
GHz corresponding to the respective qubit transitions are
performed to prepare the system qubit and the environ-
mental qubit in the same desired initial states given by
|0〉, |1〉, |+〉, and |i〉. The time evolution (see Eq. (6))
is realized with the help of MAgnetic Gradient Induced
Coupling (MAGIC) [34, 36, 38, 39]. The evolution time
takes 5.8 ms matching the J-coupling between 2 ions.
The qubit dephasing is protected by dynamical decou-
pling (DD) pulses [40] applied to both qubits using the
Universally Robust (UR) DD sequence [41]. These DD-
pulses are applied during the evolution time (for more
epxerimental details see App. C). Finally, the measure-
ment on the system qubit is performed in different bases
(σx, σy, σz) with the help of single qubit rotations and
by detecting state selectively scattered resonance fluores-
cence using an electron multiplying charge coupled device
(EMCCD). Detailed information about the experimental
setup is available elsewhere [34–36].
Each preparation and measurement setting was re-
peated NRS = 394. The resulting experimental recon-
structed Choi-matrix is given by
ρ
(exp)
E =
1
2
 0.99 + 0.00i 0.87 + 0.11i 0.10− 0.83i −0.89− 0.74i0.87− 0.11i 1.01 + 0.00i −1.04− 1.09i −0.10 + 0.83i0.10 + 0.83i −1.04 + 1.09i 0.82 + 0.00i 0.84− 0.22i
−0.89 + 0.74i −0.10− 0.83i 0.84 + 0.22i 1.18 + 0.00i
 , (16)
with statistical error of ∆ρj,k = ±0.025 and a minimal
eigenvalue of λexp = −0.70. We used the eigenstate
|λtheo〉 corresponding to the eigenvalue λtheo = −
√
3/2 ≈
−0.87 of theoretically predicted Choi-matrix Eq. (8) to
determine the witness Zw = |λtheo〉〈λtheo|. The resulting
expectation value Tr [Zwρ
(exp)
E ] = −0.67 is with a prob-
ability of P < 4 · 10−20 the result of purely statistical
effects. As a consequence, our consistency test revealed
the error of the experimentally realized process with the
help of the theoretically predicted witness Zw. On the
other hand, the theoretically predicted witness for just
simple detuning of δ = 0.25Ω, 0.5Ω or Ω does not reveal
any inconsistencies.
In general, our consistency test only makes a statement
about whether the assumed model is consistent with the
observed data, and whether the negativity we observe is
severe or not. In this sense, it can only falsify a model,
but never verify it. The test itself, especially if the wit-
ness is reconstructed via a first set of data, makes no
statement about the systematic error itself. To obtain
information about the sort of error, we have to study the
influence of different possible error sources on the data.
Here, it is also helpful to not only have a look on the
Choi-matrix itself, but also on the reconstruction of the
time evolution of test states ρ′j which can be extracted
from the same data.
In App. D we summarize the reconstructed states ρ′j
for the experimental data as well as for other assumed
errors such as detuned RF pulses applied to the qubits.
Detuned pulses lead to wrong preparation of the inital
test states ρj , a different time evolution, and wrong mea-
surement directions. Wrong preparation and measure-
ment directions can lead to negative eigenvalues of the
Choi-matrix as well as negative eigenvalues of the recon-
structed states. On the other hand, initial correlation
between the system and the environment leads only to
negative eigenvalues of the Choi-matrix.
Other errors, such as detection errors, dephasing, and
spontaneous decay change the time evolution but will
lead to a proper Choi-matrix with positive eigenvalues.
However, they can explain the difference between the
theoretically predicted Choi-matrix for our specially de-
signed correlation and the observed experimental data.
The purity of the reconstructed state ρ′j with j = 1, 2, 4
is very high (see App. D). Therefore, we assume that de-
phasing and decay do not play an important role in our
experiment.
A detection error ε will shift extreme expectation val-
ues such as 〈zˆ〉 = ±1 towards the average 〈zˆ〉 = 0. If the
detection errors for the two eigenstates are different, the
average 〈zˆ〉 = 0 will be additionally shifted towards the
measurement value with smaller error. These are the so-
called dark states |0〉, |−〉 and |− i〉 in our case which lead
to reduced average values. However, this behavior can
8only be observed in some of our measurements whereas
the average values are shifted sometimes also in the other
directions (see App. D). This could be the result of stray
light from the fluorescence laser which leads to popula-
tion trapping in the states |2S1/2, F = 1,mF = 0〉 and
|2S1/2, F = 1,mF = −1〉. This leads together with DD
to increased average values.
The overall effect of these three possible errors (de-
tuned pulses, asymmetric detection error and stray light)
on the time evolution of the test states can be seen in
App. D and fits very well the experimental data.
Another error source in process tomography are drifts.
These errors can be treated in the same way as in state
tomography, e.g. they can be decreased by randomly
switching between different measurements setups. An-
other method is to describe the observed data with the
help of additional parameters and use the Akaike Infor-
mation Criterion to judge if this model leads to a better
description of the system [42, 43].
V. CONCLUSION
In this paper, we discuss and demonstrate, via ex-
periments and simulations, how non-completely positive
maps can appear in quantum process tomography. Fur-
thermore, we introduced a simple tool for data analysis
to discriminate between statistical and systematic errors.
Using this tool, initial correlations between the system
and its environment are experimentally detected with less
than 400 repetitions for each measurement setup. Fur-
thermore, the witness constructed specifically to identify
systematic errors in the preparation and measurement
process (caused by detuned RF pulses) did not detect
errors caused by initial correlations. This suggests that
the witness test can not only discriminate between sys-
tematic and statistical errors but also between prepara-
tion/measurement errors and correlations. However, fur-
ther studies on the different influence of these different
errors on the Choi-matrix need to be carried out to con-
firm this conjecture. The consistency tests introduced
here for data collected in the course of quantum process
tomography can be carried out with small additional ef-
fort compared to collecting the experimental data and
bring significant insights.
In general, the consistency test introduce here can not
only be applied to full process tomographies, but also to
incomplete measurements. In this case, our test will be
sensitive solely to some systematic errors. In general, all
witnesses with Tr [ZwρE ] < 0 can be used for our hypoth-
esis test. However, the test is more sensitive, the smaller
Tr [ZwρE ]. Therefore, it might be advantageous to de-
termine possible test states and measurements via a first
full process tomography to identify possible problems of
an experiment such as drifting laser- or radio frequen-
cies. Later on, only the determined test state needs to
be prepared and appropriate measurements need to be
performed to observe the thus identified problem and to
appropriately counteract while carrying out experiments.
If the test proposed here suggests an inconsistency,
it is also possible to directly test for initial system-
environment correlations by using a witness based on dis-
tinguishability [44, 45], or purity [46]. Such tests would
require additional data collection and are beyond the
purpose of this paper. Another possibility is to char-
acterize the reduced dynamics in the presence of initial
system-environment correlations, if the preparation pro-
cedure only acts on the system [2]. Yet, this character-
ization cannot be applied to the experimental example
presented in section IV, because the preparation proce-
dure used there also acts on the qubit representing the
environment.
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Appendix A: Single qubit process tomography
For a single qubit, a possible measurement basis Msk is
given by
Mz0 = |0〉〈0| Mz1 = |1〉〈1|
Mx1 = |+〉〈+| My1 = |i〉〈i| (A1)
with |+〉 = (|0〉+ |1〉)/√2 and |i〉 = (|0〉+ i|1〉)/√2. The
reconstruction of the state ρE is given by
ρE =
∑
(r,j),(s,k)
pr,sj,k D
r
j ⊗Dsk (A2)
with the probabilities pr,sj,k = Tr [M
r
j ⊗ MskρE ] and the
Dual-basis
Dz0 =
1
2
(
2 −1 + i
−1− i 0
)
Dz1 =
1
2
(
0 −1 + i
−1− i 2
)
Dx0 =
(
0 1
1 0
)
Dy0 =
(
0 −i
i 0
)
(A3)
Appendix B: Hoeffding inequality
In this appendix, we shortly summarize the Hoeffding
inequality and the results of Ref. [30]. In statistics, the
observed sum of bounded independent random variables
X¯ =
∑L
` X` may vary from its expectation value E[X]
due to limited sample size. The probability that they
9vary from each other by more than t is upper bounded
by [47]
Prob[E[X]− X¯ ≥ t] ≤ exp
[
− 2t
2∑L
`=1(b` − a`)2
]
(B1)
if a` ≤ X` ≤ b`. The random variables for the consistency
test described in Sec. III are given by
X` =
1
NRS
∑
(r,j)(s,k)
wr,sj,k n
r,s
j,k(`) (B2)
where nr,sj,k(`) = 1 if we have used the setting (s, r) in
the `-experiment and obtained the result (j, k). As a
consequence, X` is bounded by w
r(`),s(`)
min /NRS ≤ X` ≤
w
r(`),s(`)
max /NRS . The right side of Eq. (B1) can be rewrit-
ten as
exp
[
− 2t
2∑L
`=1(b` − a`)2
]
= exp
[
−2 t
2NRS∑
r,s(w
r,s
max − wr,smin)2
]
(B3)
where we sum only over all settings (r, s) instead of all
variables `. Note, that we use each setting NRS times.
The condition w ·f = X¯ ≤ −t on the left side of Eq. (13)
is equivalent to
X¯ ≤ −t⇔ E(X)− X¯ ≥ t+ E(X). (B4)
The probability for this is upper bounded according to
Eq. (B1) by
Prob[E[X]− X¯ ≥ t˜] ≤ exp
[
−2 t˜
2NRS∑
r,s(w
r,s
max − wr,smin)2
]
(B5)
where we have defined t˜ = E(X) + t. Note, t˜ ≥ t since
E[X] > 0 and thus we finally arrive at Eq. (13).
Appendix C: Experimental sequence
The experimental sequence is shown in Tab. I. The
system qubit and the environmental qubit are initialized
in the state |00〉. Then, the states |0〉, |+〉, |i〉, and |1〉
are prepared in step 0 by single qubit rotations given by
R(θ, ϕ) = exp[i
θ
2
(xˆ cosϕ− yˆ sinϕ)]. (C1)
Step 1 and the conditional evolution perform a
controlled-phase gate, where the environmental qubit is
the control qubit and the system qubit is the target qubit.
Step 2 to 22 describe the conditional evolution
U (jk)(t) = exp[i
t
2
Jjkzˆj ⊗ zˆk] (C2)
together with the pulses for dynamical decoupling (DD).
Here, Jj,k describes the coupling between ion j and ion
TABLE I: Pulse sequence for single qubit process tomogra-
phy. The superscripts (1), (2), and (12) indicate that an
operation is applied to the system, to the environment, or to
both qubits, respectively. I represents the identity operator.
Each single qubit rotation or RF pulse is specified by a pulse
area and phase given within parentheses.
Number RF-pulse
0 I or R(1)(pi
2
, 0) or R(1)(pi
2
, pi
2
) or R(1)(pi, 0)
0 I or R(2)(pi
2
, 0) or R(2)(pi
2
, pi
2
) or R(2)(pi, 0)
1 R(1)(pi
2
, 0)
2 U (12)( τ
2Np
)
3 R(1)(pi, 0)⊗R(2)(pi, 0)
4 U (12)( τ
Np
)
5 R(1)(pi, 4pi
5
)⊗R(2)(pi, 4pi
5
)
6 U (12)( τ
Np
)
7 R(1)(pi, 2pi
5
)⊗R(2)(pi, 2pi
5
)
8 U (12)( τ
Np
)
9 R(1)(pi, 4pi
5
)⊗R(2)(pi, 4pi
5
)
10 U (12)( τ
Np
)
11 R(1)(pi, 0)⊗R(2)(pi, 0)
12 U (12)( τ
Np
)
13 R(1)(pi, 0)⊗R(2)(pi, 0)
14 U (12)( τ
Np
)
15 R(1)(pi, 4pi
5
)⊗R(2)(pi, 4pi
5
)
16 U (12)( τ
Np
)
17 R(1)(pi, 2pi
5
)⊗R(2)(pi, 2pi
5
)
18 U (12)( τ
Np
)
19 R(1)(pi, 4pi
5
)⊗R(2)(pi, 4pi
5
)
20 U (12)( τ
Np
)
21 R(1)(pi, 0)⊗R(2)(pi, 0)
22 U (12)( τ
2Np
)
23 I or R(1)(pi
2
, pi
2
) or R(1)(pi
2
, 0)
k. For our experiment, we used Np = 100 pulses for DD,
which means we repeated step 2 to 22 for 10 times. We
used a total conditional evolution time τ = pi/(2Jj,k) =
5.8 ms. Step 23 describes the rotation of the system
qubit necessary to perform spin measurements in x-, y-
or z-direction.
Appendix D: Reconstructed states
In the following, we determine the time evolution of
the states ρj = {|0〉〈0|, |1〉〈1|, |+〉〈+|, |i〉〈i|} for different
situations.
Reconstruction of the time evolution from the experi-
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mental data:
ρ′1 =
(
0.50 0.43 + 0.06i
0.43− 0.06i 0.50
)
(D1)
ρ′2 =
(
0.41 0.42− 0.11i
0.42 + 0.11i 0.59
)
(D2)
ρ′3 =
(
0.51 −0.05 + 0.06i
−0.05− 0.06i 0.49
)
(D3)
ρ′4 =
(
0.04 −0.03− 0.07i
−0.03 + 0.07i 0.96
)
(D4)
and the corresponding eigenvalues
(0.94, 0.06), (0.94, 0.06), (0.41, 0.58), (0.97, 0.03).
To get a similar negativity of ρE solely by detun-
ing without initial correlations (as an example we set
ρE = |0〉〈0|) we assume a detuning of δ = 0.4Ω leading
to λ− = −0.85.The detuning influences the preparation,
time evolution and the measurement directions leading
to:
ρ′1 =
(
0.52 0.00− 0.50i
0.00 + 0.50i 0.48
)
(D5)
ρ′2 =
(
0.72 −0.26 + 0.35i
−0.26− 0.35i 0.28
)
(D6)
ρ′3 =
(
0.14 0.34− 0.02i
0.34 + 0.02i 0.86
)
(D7)
ρ′4 =
(
0.15 −0.36− 0.02i
−0.36 + 0.02i 0.85
)
(D8)
and the corresponding eigenvalues
(1.00, 0.00), (0.99, 0.01), (0.99, 0.01), (1.01,−0.01). As
can be seen, the behavior for solely detuning is quite
different from that resulting from initial correlation. The
main difference is that now all states stay nearly pure
during the time evolution and that the reconstructed
states themselves may have negative eigenvalues. Fur-
thermore, the negativity is not detected by the witness
used for initial correlations.
The difference between the theoretically predicted
Choi-matrix and the experimentally reconstructed Choi-
matrix can be the result of different errors such as
(i) asymmetric detection error for the bright and the
dark state, (ii) stray light shelving population from the
|S1/2, F = 1,mf = +1〉 to the states |S1/2, F = 1,mf =
0〉 or |S1/2, F = 1,mf = −1〉, or (iii) small detuning.
Detection errors shift the extremal expectation values
〈zˆ〉 = ±1 towards the average 〈zˆ〉 = 0 (similar for 〈zˆ〉
and 〈zˆ〉). Asymmetric errors also shift the zero-point of
the expectation value towards the direction of smaller
error. Typical errors in our experiments are εB = 0.06
for the bright state (corresponding to |1〉, |+〉, |i〉) and
εD = 0.03 for the dark state. The matrix entries are
directly proportional to the expectation values ρ11 ∼ 〈zˆ〉,
Re (ρ0,1) ∼ 〈σx〉 and Im (ρ0,1) ∼ −〈yˆ〉. This leads to the
theoretically predicted reconstructed states
ρ′1 =
(
0.52 0.46 + 0.02i
0.46− 0.02i 0.48
)
(D9)
ρ′2 =
(
0.52 0.46 + 0.02i
0.46− 0.02i 0.48
)
(D10)
ρ′3 =
(
0.52 −0.02 + 0.02i
−0.02− 0.02i 0.48
)
(D11)
ρ′4 =
(
0.06 −0.02 + 0.02i
−0.02− 0.02i 0.94
)
(D12)
Stray light would lead to increased expectation values.
The increase depends on the population in state |1〉 av-
eraged over time. Here, we consider mainly the free evo-
lution time, because the time for single qubit rotations
(order of 10 µs) is very small in comparison. The states
ρj with 1 ≤ j ≤ 3 are always in the xy-plane during the
conditional evolution time and therefore p¯(|1〉) = 0.5.
The state ρ4 spends, due to the dynamical decoupling
pulses, half of the time in |0〉 and half of the time in |1〉.
Therefore, we find for this state also p¯(|1〉) = 0.5. As a
consequence, the effect of stray light is the same for all
4 input states. An assumed population transfer of 5%
would lead to the following time evolutions:
ρ′1 =
(
0.475 0.5− 0.025i
0.5 + 0.025i 0.525
)
(D13)
ρ′2 =
(
0.475 0.5− 0.025i
0.5 + 0.025i 0.525
)
(D14)
ρ′3 =
(
0.475 0.025− 0.025i
0.5 + 0.025i 0.525
)
(D15)
ρ′4 =
(
0.00 0.025− 0.025i
0.025 + 0.025i 1.00
)
(D16)
A detuning of δ = 0.1Ω (influencing the preparation,
time evolution, the dynamical decoupling and the mea-
surement directions) together with the initial correlation
of the system and its environment would lead to:
ρ′1 =
(
0.37 0.47− 0.02i
0.47 + 0.02i 0.63
)
(D17)
ρ′2 =
(
0.44 0.48 + 0.12i
0.48− 0.12i 0.56
)
(D18)
ρ′3 =
(
0.48 0.02 + 0.09i
0.02− 0.09i 0.52
)
(D19)
ρ′4 =
(
0.01 −0.09− 0.05i
−0.09 + 0.05i 0.99
)
(D20)
A comparison with the experimentally reconstructed
states Eq. (D1)-(D4) show remarkable similarities with
different assumed errors for different states and measure-
ments. However, this is not surprising since the experi-
mental parameter such as the detuning or the intensity
of the laser light used for state selective detection may
fluctuate during a sequence of measurements. Therefore,
not all errors are always present.
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